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Abstract

Fuzzy sets model vagueness by assigning each element a membership degree in the interval [0, 1]. Hyperfuzzy
sets generalize this notion by mapping each element to a nonempty subset of [0, 1], thereby accommodating
both uncertainty and variability in membership degrees. An (m, n)-superhyperfuzzy set further extends
these frameworks by assigning to each nonempty member of the m-th and n-th iterated powersets a
nonempty family of subsets of [0, 1], enabling hierarchical and nested imprecision. These generalized
fuzzy models have found applications in decision-making and many other domains. Meanwhile, the
theories of Fuzzy Trace—retaining both verbatim and gist representations of information—and Fuzzy
Front-Ends—using graded membership functions to evaluate and aggregate multiple criteria for soft
go/no-go decisions—play a crucial role in information processing and innovation screening. However,
corresponding concepts built upon hyperfuzzy and superhyperfuzzy structures have not yet been explored.
To bridge this gap, we introduce extensions of Fuzzy Trace and Fuzzy Front-Ends based on hyperfuzzy and
(m, n)-superhyperfuzzy sets. We present their formal definitions, examine basic properties, and illustrate
them with examples. By doing so, we open the door to applying Fuzzy Trace and Fuzzy Front-End
methodologies in contexts characterized by hierarchical uncertainty.
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1 | Preliminaries
Throughout this paper, all sets are assumed finite. We introduce the basic notation and concepts used in what
follows.
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1.1 | HyperFuzzy Sets and SuperHyperFuzzy Sets
Fuzzy sets model imprecision by assigning each element a membership value in [0, 1] [1]. Numerous extensions
have appeared—Bipolar Fuzzy Sets [2], Intuitionistic Fuzzy Sets [3], Neutrosophic Sets [4], Hesitant Fuzzy Sets
[5], QuadriPartitioned Neutrosophic Sets[6, 7], Spherical Fuzzy Sets[8], and Plithogenic Sets [9, 10]. In this work,
we concentrate on two higher-order generalizations: the HyperFuzzy Set [11, 12], which maps each element to
a nonempty subset of [0, 1], and its hierarchical extension, the SuperHyperFuzzy Set [13, 14], which employs
iterated powerset constructions to capture multiple layers of uncertainty.

Definition 1 (Base Set). A base set S is the primary universe under consideration:
S = { x | x belongs to the domain of discourse}.

All subsequent constructions—powersets, iterated powersets, and their nonempty variants—are built from S.

Definition 2 (Powerset). [15] The powerset of S, denoted P(S), is the collection of all subsets of S, including
the empty set:

P(S) = { A | A ⊆ S}.

Definition 3 (n-th Powerset). [16] Define P1(H) = P(H). For n ≥ 1, the (n + 1)-th powerset is
Pn+1(H) = P

(
Pn(H)

)
.

The nonempty n-th powerset is obtained by removing the empty set at each stage:
P1

∗(H) = P(H) \ {∅}, Pn
∗

+1(H) = P
(
Pn

∗(H)
)

\ {∅}.

Definition 4 (Fuzzy Set). [1] A fuzzy set τ on a nonempty universe Y is a function
τ : Y −→ [0, 1].

A fuzzy relation δ on Y is a fuzzy subset of Y × Y satisfying
δ(y, z) ≤ min{τ(y), τ(z)} for all y, z ∈ Y.

Definition 5 (HyperFuzzy Set). [11, 17] Let X be a nonempty universe. A HyperFuzzy Set Ã on X is given
by

µ̃ : X −→ P̃([0, 1]),
where P̃([0, 1]) denotes all nonempty subsets of [0, 1]. For each x ∈ X, the set µ̃(x) ⊆ [0, 1] represents the range
of plausible membership degrees for x, thus modeling both fuzziness and variability simultaneously.

Example 1 (HyperFuzzy Set: Smartphone Satisfaction Variability). Let
X = {iPhone 14, Galaxy S23, Pixel 7}

be a set of popular smartphone models. We conduct two independent user surveys—one by tech reviewers and
one by general consumers—each reporting satisfaction scores in [0, 1]. Define the hyper-membership function

µ̃ : X −→ P̃([0, 1]),
where

µ̃(iPhone 14) = { 0.85, 0.90}, µ̃(Galaxy S23) = { 0.80, 0.88}, µ̃(Pixel 7) = { 0.75, 0.82}.

Here for each model x, the set µ̃(x) ⊆ [0, 1] collects both the expert-review average and the consumer-survey
average. This HyperFuzzy Set captures not only the degree of satisfaction (“fuzziness”) but also the variability
between different user groups.
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Definition 6 (m, n-SuperHyperFuzzy Set). [18] Let X be a nonempty set and let m, n ∈ N0. Define the
nonempty k-th powerset of a set Y by

P0
∗(Y ) = Y, Pk

∗(Y ) = P
(
Pk

∗
−1(Y )

)
\ {∅}, k ≥ 1.

In particular, Pm
∗ (X) is the family of all nonempty elements of the m-th iterated powerset of X, and Pn

∗([0, 1])
is defined analogously. Then an (m, n)-SuperHyperFuzzy Set on X is a function

µ̃m,n : Pm
∗ (X) −→ P̃n

∗(
[0, 1]

)
, A 7→ µ̃m,n(A),

where P̃n
∗([0, 1]) denotes the collection of all nonempty subsets of Pn([0, 1]). Thus each A ∈ Pm

∗ (X) is assigned a
nonempty family of membership-degree sets µ̃m,n(A) ⊆ Pn([0, 1]), capturing hierarchical uncertainty across both
the m- and n-levels.

Example 2 (Real-World (1, 2)-SuperHyperFuzzy Set: Sustainable Practice Bundles). In a municipal sustain-
ability assessment, let

X = {Recycling, SolarPanels, WaterHarvest}

be three core green practices. Choose m = 1, n = 2. Then

P1
∗(X) = P(X) \ {∅} =

{
{Recycling}, {SolarPanels}, {WaterHarvest}, {Recycling, SolarPanels}, . . .

}
,

and

P2
∗([0, 1]) = P

(
P([0, 1])

)
\ {∅},

the collection of all nonempty families of numeric membership-sets in [0, 1].

Define

µ̃1,2 : P1
∗(X) −→ P2

∗([0, 1])

by the following representative assignments:

Practice bundle {Recycling, SolarPanels}:

µ̃1,2
(
{Recycling, SolarPanels}

)
=

{
[0.7, 0.9], [0.6, 0.8]

}
⊆ P([0, 1]),

where

• [0.7, 0.9] represents expert-elicited membership degrees for combined recycling+solar adoption;

• [0.6, 0.8] reflects community survey–based degrees.

Practice bundle {WaterHarvest}:

µ̃1,2
(
{WaterHarvest}

)
=

{
[0.5, 0.7], [0.4, 0.6]

}
,

where

• [0.5, 0.7] is the range from field-monitoring data;

• [0.4, 0.6] captures expert uncertainty in dry-season performance.

One checks immediately that µ̃1,2 indeed maps each nonempty subset of X to a nonempty family of subsets of
[0, 1], so it is a valid (1, 2)-SuperHyperFuzzy Set on X. This concrete example encodes two hierarchical layers of
uncertainty—expert vs. survey vs. field data—over each bundle of sustainable practices.
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2 |Result: Fuzzy Trace
2.1 |Fuzzy Trace
A fuzzy trace retains both verbatim and gist memory of information items, encoding literal content and
bottom-line meaning, respectively (cf.[19, 20]).

Definition 7. (Fuzzy Trace). (cf.[21, 22, 23]) Let I be a collection of information stimuli (e.g. sentences,
numbers, images). A fuzzy trace of an item x ∈ I is the ordered pair

FT(x) =
(
v(x), g(x)

)
,

where

• v : I → V is the verbatim encoding, preserving the exact, literal form of x (e.g. precise numbers, surface
wording, graphical details);

• g : I → G is the gist encoding, capturing only the bottom–line meaning of x in a possibly coarse,
qualitative form.

We denote the stored memory as
M =

{
FT(x) | x ∈ I

}
.

Remark 1. In many applications, the gist space G admits a hierarchy of granularity levels

G0 ⊂ G1 ⊂ · · · ⊂ Gk,

where G0 is purely categorical (e.g. “some vs. none”), G1 is ordinal (e.g. “low vs. medium vs. high”), and higher
Gi allow finer distinctions (interval or ratio-level interpretations). The function

g(x) =
(
g0(x), g1(x), . . . , gk(x)

)
thus encodes multiple gist representations in parallel.

Example 3. (Fuzzy Trace: Clinical Test Recall). (cf.[24]) Let

I =
{

"Blood pressure: 145/90 mmHg", "Fasting glucose: 110 mg/dL"

be a patient’s clinical test reports. Define the verbatim space

V = {all exact numeric readings with units},

and the gist space
G = {Normal, Elevated, High},

using standard medical thresholds.

For each x ∈ I, set:
v
(
"Blood pressure: 145/90 mmHg"

)
= 145/90 mmHg,

g
(
"Blood pressure: 145/90 mmHg"

)
= High (Stage I Hypertension),

v
(
"Fasting glucose: 110 mg/dL"

)
= 110 mg/dL,

g
(
"Fasting glucose: 110 mg/dL"

)
= Elevated (Prediabetes).

Hence the fuzzy traces are

FT
(
"Blood pressure: 145/90 mmHg"

)
=

(
145/90 mmHg, High

)
,

FT
(
"Fasting glucose: 110 mg/dL"

)
=

(
110 mg/dL, Elevated

)
.

The stored memory is
M =

{(
145/90 mmHg, High

)
,

(
110 mg/dL, Elevated

)}
.
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2.2 | HyperFuzzy Trace
A hyperfuzzy trace generalizes fuzzy trace by storing sets of possible verbatim and gist encodings for each item,
capturing uncertainty.

Definition 8 (HyperFuzzy Trace). Let I be a set of information items, let V be the verbatim-encoding space,
and let G ⊆ [0, 1] be the gist-encoding space. Denote by

P̃(X) = { A ⊆ X | A ≠ ∅}
the collection of all nonempty subsets of a set X. A HyperFuzzy Trace is a pair of functions

ṽ : I −→ P̃(V), g̃ : I −→ P̃(G),
assigning to each x ∈ I a nonempty verbatim hyper-set ṽ(x) ⊆ V and a nonempty gist hyper-set g̃(x) ⊆ G. We
write

HFT(x) =
(
ṽ(x), g̃(x)

)
,

and call the family
H =

{
HFT(x) | x ∈ I

}

Example 4 (HyperFuzzy Trace: Clinical Test Variability). Let
I =

{
"Blood pressure reading", "Fasting glucose reading"

}
.

Define the verbatim-encoding space
V = {all plausible numeric readings with units}

and the gist-encoding space
G ⊆ [0, 1]

where each g ∈ G represents a degree of clinical risk.

We model measurement uncertainty by assigning each test two possible readings and two possible risk-level
degrees:

Blood pressure:
ṽ
(
"Blood pressure reading"

)
=

{
"145/90 mmHg", "150/95 mmHg"

}
,

g̃
(
"Blood pressure reading"

)
= { 0.7, 0.8}.

Fasting glucose:
ṽ
(
"Fasting glucose reading"

)
=

{
"110 mg/dL", "115 mg/dL"

}
, g̃

(
"Fasting glucose reading"

)
= { 0.6, 0.7}.

Thus the HyperFuzzy Traces are

HFT
(
"Blood pressure reading"

)
=

(
{ "145/90 mmHg", "150/95 mmHg"}, {0.7, 0.8}

)
,

HFT
(
"Fasting glucose reading"

)
=

(
{ "110 mg/dL", "115 mg/dL"}, {0.6, 0.7}

)
.

The stored family of HyperFuzzy Traces is
H =

{
HFT(x) | x ∈ I

}
.

Theorem 1 Let (ṽ, g̃) be a HyperFuzzy Trace on (I, V, G). Then:

(1) Generalization of Fuzzy Trace. If for all x ∈ I both ṽ(x) and g̃(x) are singletons,
ṽ(x) = {v0(x)}, g̃(x) = {g0(x)},

then the map x 7→
(
v0(x), g0(x)

)
is exactly a classical fuzzy trace.
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(2) HyperFuzzy Set Structure. Each component
ṽ : I −→ P̃(V), g̃ : I −→ P̃(G)

is a HyperFuzzy Set on the universe I, since it assigns to every x ∈ I a nonempty subset of V (resp. G).

Proof : (1) If ṽ(x) = {v0(x)} and g̃(x) = {g0(x)} for each x, then define
v(x) = v0(x), g(x) = g0(x).

By construction, (v, g) is a fuzzy trace in the sense that v : I → V and g : I → G are single-valued
encodings. Hence every HyperFuzzy Trace with singleton images reduces to a classical fuzzy trace.

(2) By definition of P̃(V), each ṽ(x) ⊆ V is nonempty. Thus
ṽ : I −→ P̃(V)

satisfies exactly the requirements of a HyperFuzzy Set on universe I (cf. Definition of HyperFuzzy Set).
The same argument applies to g̃ : I → P̃(G). Therefore both components carry the full HyperFuzzy Set
structure.

□

Theorem 2. (Pushforward under Verbatim-Encoding Maps). Let f : V → W be any function to a set W.
Define

f♯(ṽ(x)) = { f(v) | v ∈ ṽ(x)} ⊆ W,

and set
ṽ′ : I −→ P̃(W), ṽ′(x) = f♯(ṽ(x)).

Then (ṽ′, g̃) is a HyperFuzzy Trace on (I, W, G).

Proof : For each x ∈ I, ṽ(x) ̸= ∅, so f♯(ṽ(x)) is nonempty. Hence ṽ′ is well-defined into P̃(W), and together
with the unchanged gist map g̃ it satisfies the definition of a HyperFuzzy Trace on the new verbatim space
W. □

Theorem 3. (Complete Join-Semilattice under Pointwise Union). The collection of all HyperFuzzy Traces on
(I, V, G), ordered by

(ṽ1, g̃1) ≤ (ṽ2, g̃2) ⇐⇒ ṽ1(x) ⊆ ṽ2(x) and g̃1(x) ⊆ g̃2(x) ∀x,

is a complete join-semilattice. The join of an arbitrary family {(ṽi, g̃i)}i∈I is given by(
x 7→

⋃
i∈I

ṽi(x), x 7→
⋃
i∈I

g̃i(x)
)

.

Proof : For each x, each ṽi(x) and g̃i(x) is nonempty, so their unions
⋃

i ṽi(x) and
⋃

i g̃i(x) are nonempty. Thus
the pointwise union defines valid maps into P̃(V) and P̃(G). It is evidently the least upper bound under the
componentwise inclusion order, making the set of all HyperFuzzy Traces a complete join-semilattice. □

Theorem 4. (Existence of Constant HyperFuzzy Traces). For any nonempty A ⊆ V and B ⊆ G, the pair
ṽ(x) = A, g̃(x) = B for all x ∈ I

defines a HyperFuzzy Trace on (I, V, G).

Proof : Since A ̸= ∅ and B ̸= ∅, the constant mappings x 7→ A and x 7→ B land in the collections of nonempty
subsets of V and G, respectively. Hence they satisfy the definition of a HyperFuzzy Trace. □

Theorem 5. (Restriction to a Sub-Universe). If J ⊆ I, then the restricted maps
ṽ|J : J −→ P̃(V), g̃|J : J −→ P̃(G)

define a HyperFuzzy Trace on (J , V, G).
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Proof : For each x ∈ J , since x ∈ I we have ṽ(x) ̸= ∅ and g̃(x) ̸= ∅. Hence the restricted maps land in
nonempty subsets of V and G, satisfying the definition of a HyperFuzzy Trace on J . □

Theorem 6. (Recombination of Components). Let (ṽ1, g̃1) and (ṽ2, g̃2) be HyperFuzzy Traces on (I, V, G).
Then the pairs

(ṽ1, g̃2) and (ṽ2, g̃1)
are also HyperFuzzy Traces on the same universe.

Proof : Each ṽi(x) and g̃i(x) is nonempty by assumption. Swapping the gist components between the two traces
preserves nonemptiness of each map at every x ∈ I. Therefore each recombined pair still maps x to a nonempty
verbatim set and a nonempty gist set, hence defines a valid HyperFuzzy Trace. □

Theorem 7. (Product of HyperFuzzy Traces). Let (ṽ1, g̃1) be a HyperFuzzy Trace on (I, V1, G1) and (ṽ2, g̃2)
a HyperFuzzy Trace on (J , V2, G2). Define for each (i, j) ∈ I × J ,

ṽ((i, j)) = ṽ1(i) × ṽ2(j) ⊆ V1 × V2, g̃((i, j)) = g̃1(i) × g̃2(j) ⊆ G1 × G2.

Then (ṽ, g̃) is a HyperFuzzy Trace on (I × J , V1 × V2, G1 × G2).

Proof : For each (i, j), both ṽ1(i) and ṽ2(j) are nonempty, so their Cartesian product is nonempty. Similarly for
the gist sets. Hence the pair (ṽ, g̃) assigns each (i, j) nonempty subsets of V1 × V2 and G1 × G2, satisfying the
HyperFuzzy Trace definition on the product universe. □

Theorem 8. (Pushforward under Verbatim and Gist Maps). Let f : V → V ′ and h : G → G′ be any functions.
Define

f#(ṽ(x)) = { f(v) | v ∈ ṽ(x)} ⊆ V ′, h#(g̃(x)) = { h(g) | g ∈ g̃(x)} ⊆ G′.

Then the pair (
f# ◦ ṽ, h# ◦ g̃

)
defines a HyperFuzzy Trace on (I, V ′, G′).

Proof : Since each ṽ(x) ̸= ∅, its image under any function f remains nonempty. The same holds for g̃(x) under
h. Therefore f# ◦ ṽ and h# ◦ g̃ map each x ∈ I to nonempty subsets of V ′ and G′, satisfying the HyperFuzzy
Trace axioms on the new codomains. □

2.3 | SuperHyperFuzzy Trace
A superhyperfuzzy trace assigns hierarchical families of verbatim and gist subsets at multiple powerset levels,
modeling nested imprecision.

Definition 9. ((m, n)-SuperHyperFuzzy Trace). Let I be a set of information items, let V be the verbatim-
encoding space, and let G ⊆ [0, 1] be the gist-encoding space. Fix nonnegative integers m, n. Recall the nonempty
kth powerset

P∗
k (X) = P

(
P∗

k−1(X)
)

\ {∅}, P∗
0 (X) = X.

An (m, n)-SuperHyperFuzzy Trace on (I, V, G) is a pair of functions

ṽm : I −→ P∗
m(V), g̃n : I −→ P∗

n(G).

For each x ∈ I we write
SHFTm,n(x) =

(
ṽm(x), g̃n(x)

)
,

and call Hm,n = {SHFTm,n(x) | x ∈ I} the set of all (m, n)-SuperHyperFuzzy Traces.
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Example 5 (Real-World (2, 3)-SuperHyperFuzzy Trace: Eyewitness License-Plate Recall with Confidence
Calibration). Let

I = {"License-Plate Recall"}, V = {all plausible 7-character alphanumeric plates}, G = [0, 1].
Fix m = 2 and n = 3. Then

P1
∗(V) = P(V) \ {∅}, P2

∗(V) = P
(
P1

∗(V)
)

\ {∅},

and similarly
P1

∗(G) = {A ⊆ [0, 1] | A ̸= ∅},

P2
∗(G) = P(P1

∗(G)) \ {∅},

P3
∗(G) = P(P2

∗(G)) \ {∅}.

We model two rounds of verbatim recall and three hierarchical rounds of confidence judgment:

Verbatim super-set ṽ2:

ṽ2
(
"License-Plate Recall"

)
=

{
{"ABC1234", "ABC1E34"}︸ ︷︷ ︸

Initial interview guesses

, {"ABC1234", "ABD1234"}︸ ︷︷ ︸
Follow-up guesses

}
⊆ P∗

2 (V).

Gist super-set g̃3:

g̃3
(
"License-Plate Recall"

)
=

{
{{0.50, 0.60}, {0.55, 0.65}}︸ ︷︷ ︸

Self-rated con˝dence
immediately

, {{0.70, 0.80}, {0.75, 0.85}}︸ ︷︷ ︸
After photo lineup

}
⊆ P∗

3 (G).

Here each inner pair {0.50, 0.60}, {0.55, 0.65} lies in P∗
1 (G), their collection lies in P∗

2 (G), and the outer braces
yield an element of P∗

3 (G).

Hence the (2, 3)-SuperHyperFuzzy Trace is

SHFT2,3
(
"License-Plate Recall"

)
=

(
ṽ2("License-Plate Recall"), g̃3("License-Plate Recall")

)
.

This example encodes two levels of verbatim uncertainty (initial vs. follow-up) and three nested levels of
confidence uncertainty (immediate, post-lineup, expert-calibrated).

Example 6 (Real-World (3, 3)-SuperHyperFuzzy Trace: ATM PIN Multi-Session Recall). Let
I = {"ATM PIN Recall"}, V = {all plausible 4-digit PIN codes}, G = [0, 1].

Fix m = 3 and n = 3. Then the nonempty iterated powersets are defined as above. We model three recall
sessions and three stages of confidence calibration:

Verbatim super-set ṽ3:

ṽ3
(
"ATM PIN Recall"

)
=

{
{{"1234", "1243"}, {"1234", "1324"}}︸ ︷︷ ︸

Session 1 guesses

,

{{"1234", "1235"}, {"1234", "2134"}}︸ ︷︷ ︸
Session 2 guesses

}
⊆ P∗

3 (V).
Each inner set of codes lies in P∗

1 (V); each pair of such lies in P∗
2 (V); and the outer collection yields an element

of P∗
3 (V).

Gist super-set g̃3:

g̃3
(
"ATM PIN Recall"

)
=

{
{{0.40, 0.50}, {0.45, 0.55}}︸ ︷︷ ︸

Immediate con˝dence

, {{0.65, 0.75}, {0.68, 0.78}}︸ ︷︷ ︸
After hint prompt

}
⊆ P∗

3 (G).

Each inner pair of confidence values lies in P∗
1 (G), their families in P∗

2 (G), and the outer braces in P∗
3 (G).
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Thus the (3, 3)-SuperHyperFuzzy Trace is

SHFT3,3
(
"ATM PIN Recall"

)
=

(
ṽ3("ATM PIN Recall"), g̃3("ATM PIN Recall")

)
.

This captures three hierarchical levels of verbatim recall (three sessions) and three nested levels of confidence
(immediate, post-hint, final calibration) in an ATM PIN memory task.

Example 7. (Real-World (2, 2)-SuperHyperFuzzy Trace: Eyewitness License-Plate Recall). Let

I = {"License-Plate Recall"}, V = {all plausible 7-character alphanumeric strings}, G = [0, 1].

Fix m = n = 2. Then
P∗

1 (V) = P(V) \ {∅}, P∗
2 (V) = P

(
P∗

1 (V)
)

\ {∅},

and similarly for G. We model two rounds of recall and two rounds of confidence judgments:

Verbatim super-set ṽ2:

ṽ2
(
"License-Plate Recall"

)
=

{
{"ABC1234", "ABC1E34"}︸ ︷︷ ︸

Initial interview:
participant’s two best guesses

, {"ABC1234", "ABD1234"}︸ ︷︷ ︸
Follow-up interview:

remembered with slight variation

}
⊆ P∗

2 (V).

Gist super-set g̃2:

g̃2
(
"License-Plate Recall"

)
=

{
{0.6, 0.7}︸ ︷︷ ︸

Self-rated confidence
in initial recall

, {0.8, 0.9}︸ ︷︷ ︸
Self-rated confidence

after seeing photo lineup

}
⊆ P∗

2 (G).

Hence the (2, 2)-SuperHyperFuzzy Trace of the single item is

SHFT2,2
(
"License-Plate Recall"

)
=

(
ṽ2("License-Plate Recall"), g̃2("License-Plate Recall")

)
.

This example captures two hierarchical levels of verbatim uncertainty (initial vs. follow-up guesses) and two
levels of gist uncertainty (initial vs. confirmed confidence) in an eyewitness memory task.

Example 8. (Real-World (2, 2)-SuperHyperFuzzy Trace: Air Quality Assessment). Let

I = {“AQI reading”}

be the item “Air Quality Index reading.” Define the verbatim-encoding space

V = { integer AQI values from 0 to 500},

and the gist-encoding space
G ⊆ [0, 1]

where each g ∈ G represents a normalized pollution risk score.

We fix m = 2 and n = 2. Then

P∗
1 (V) = P(V) \ {∅}, P∗

2 (V) = P
(
P∗

1 (V)
)

\ {∅},

and similarly for G.

We model two layers of measurement uncertainty:

Verbatim hyper-set ṽ2:

ṽ2(“AQI reading”) =
{

{50, 55, 60}︸ ︷︷ ︸
Sensor group A’s

daily readings

, {52, 58}︸ ︷︷ ︸
Sensor group B’s

daily readings

}
⊆ P∗

1 (V) ⊆ P∗
2 (V).

Here each inner set is a nonempty subset of V, and the outer braces form a nonempty family of such subsets.
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Gist hyper-set g̃2:

g̃2(“AQI reading”) =
{

{0.1, 0.12}︸ ︷︷ ︸
Expert panel’s

risk scores

, {0.08, 0.11, 0.13}︸ ︷︷ ︸
Automated model’s

risk scores

}
⊆ P∗

1 (G) ⊆ P∗
2 (G).

Each inner set is a nonempty subset of G, and the outer set is a nonempty collection of these.

Thus the (2, 2)-SuperHyperFuzzy Trace is

SHFT2,2
(
“AQI reading”

)
=

(
ṽ2(“AQI reading”), g̃2(“AQI reading”)

)
.

This concrete example illustrates two hierarchical levels of uncertainty in both the exact AQI measurements
(sensor groups A and B) and the corresponding risk scores (expert vs. automated), encoded as a valid (2, 2)-
SuperHyperFuzzy Trace.

Theorem 9. Let
(
ṽm, g̃n

)
be an (m, n)-SuperHyperFuzzy Trace. Then:

(1) Generalization of Fuzzy Trace: If m = n = 0, then P∗
0 (V) = V and P∗

0 (G) = G, so ṽ0 : I → V
and g̃0 : I → G. Setting v(x) = ṽ0(x) and g(x) = g̃0(x) recovers exactly the classical fuzzy trace
x 7→ (v(x), g(x)).

(2) Generalization of HyperFuzzy Trace: If m = n = 1, then P∗
1 (V) = P̃(V) and P∗

1 (G) = P̃(G). Hence
ṽ1 : I → P̃(V) and g̃1 : I → P̃(G) define a HyperFuzzy Trace.

(3) (m, n)-SuperHyperFuzzy Set Structure: Define the canonical embedding

ιm : I −→ P∗
m(I), ι0(x) = x, ιk+1(x) = {ιk(x)}.

Then by composing with the gist mapping we obtain

µ̃m,n = g̃n ◦ ιm : P∗
m(I) −→ P∗

n(G),

which is exactly the definition of an (m, n)-SuperHyperFuzzy Set on the universe I with codomain G.
The same construction applies to ṽm, yielding an (m, n)-SuperHyperFuzzy Set into V.

Proof : (1) When m = n = 0, by definition P∗
0 (X) = X. Thus ṽ0 and g̃0 are ordinary single-valued functions

into V and G. Their pairing is precisely a fuzzy trace.

(2) When m = n = 1, we have P∗
1 (X) = P(X) \ {∅}. Hence ṽ1 and g̃1 assign each x a nonempty subset of V

or G, exactly the data of a HyperFuzzy Trace.

(3) To exhibit the SuperHyperFuzzy Set structure, note that the embedding ιm sends each item x into the
mth nonempty powerset of I. Composition µ̃m,n = g̃n ◦ ιm therefore defines a function P∗

m(I) → P∗
n(G).

By Definition 1.7, any such mapping is an (m, n)-SuperHyperFuzzy Set. An entirely analogous argument
applies to ṽm.

□

Theorem 10. (Reduction to Fuzzy Trace). Let
(
ṽm, g̃n

)
be an (m, n)-SuperHyperFuzzy Trace on (I, V, G). If

m = n = 0, then P∗
0 (V) = V and P∗

0 (G) = G, so

ṽ0 : I −→ V, g̃0 : I −→ G.

Setting
v(x) = ṽ0(x), g(x) = g̃0(x),

one recovers exactly a classical fuzzy trace x 7→
(
v(x), g(x)

)
.

Proof : By definition of the nonempty powerset, P∗
0 (X) = X for any set X. Hence when m = n = 0, ṽ0 and

g̃0 are ordinary single-valued functions I → V and I → G. Their pairing FT(x) = (v(x), g(x)) satisfies the
definition of a fuzzy trace. □
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Theorem 11. (Reduction to HyperFuzzy Trace). Let
(
ṽm, g̃n

)
be an (m, n)-SuperHyperFuzzy Trace. If

m = n = 1, then P1
∗(X) = P(X) \ {∅} = P̃(X). Thus

ṽ1 : I −→ P̃(V), g̃1 : I −→ P̃(G)
defines exactly a HyperFuzzy Trace on (I, V, G).

Proof : When m = n = 1, by definition P1
∗(X) is the collection of all nonempty subsets of X. Therefore ṽ1 and

g̃1 assign each x ∈ I a nonempty subset of V resp. G, which is precisely the data of a HyperFuzzy Trace. □

Theorem 12. (Level-Projection Monotonicity). Let
(
ṽm, g̃n

)
be an (m, n)-SuperHyperFuzzy Trace. Fix integers

0 ≤ k ≤ m and 0 ≤ ℓ ≤ n. Define the flattening map

φ(1) : P∗
r+1(X) −→ P∗

r (X), φ(1)(A) =
⋃

B∈A

B,

and for r + 1 > k iterate φ(r) = φ(1) ◦ φ(r−1). Then

ṽk = φ(m−k) ◦ ṽm : I −→ P∗
k (V),

g̃ℓ = φ(n−ℓ) ◦ g̃n : I −→ P∗
ℓ (G).

The pair
(
ṽk, g̃ℓ

)
is then a valid (k, ℓ)-SuperHyperFuzzy Trace on (I, V, G).

Proof : We must show two things:
(i) Well-definedness of ṽk. Since ṽm(x) ∈ P∗

m(V), it is a nonempty family of elements of P∗
m−1(V). Applying φ(1)

once yields φ(1)(ṽm(x)) ∈ P∗
m−1(V). Iterating m − k times,

φ(m−k)(ṽm(x)) ∈ P∗
k (V),

and remains nonempty at each step because the union of nonempty sets is nonempty. Thus ṽk(x) is well-defined
as an element of P∗

k (V). The same argument applies to g̃ℓ.
(ii) Preservation of trace structure. By construction, ṽk : I → P∗

k (V) and g̃ℓ : I → P∗
ℓ (G). Hence SHFTk,ℓ(x) =

(ṽk(x), g̃ℓ(x)) satisfies the definition of an (k, ℓ)-SuperHyperFuzzy Trace. □

3 | Result: Fuzzy Front-End
3.1 |Fuzzy Front-End
A Fuzzy Front-End uses graded membership functions to evaluate and aggregate multiple criteria, enabling soft
go/no-go decisions on innovation ideas (cf.[25, 26, 27]).

Definition 10. (Fuzzy Front-End of Innovation). (cf.[28, 29, 30]) Let I be the universe of potential project
ideas and let

C = {c1, c2, . . . , cm}
be a finite set of evaluation criteria. A Fuzzy Front-End (FFE) is the triple(

I, C, µ
)
,

where
µ : I × C −→ [0, 1]

is a membership function assigning to each idea i ∈ I and criterion cj a degree
µ(i, cj) = “satisfaction of criterion cj by idea i” ∈ [0, 1].

Moreover, fix a fuzzy aggregation operator
F : [0, 1]m −→ [0, 1],

for example a weighted average or a fuzzy min–max operator. Then the overall readiness of i is
r(i) = F

(
µ(i, c1), µ(i, c2), . . . , µ(i, cm)

)
.
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Finally, for a given threshold α ∈ [0, 1], the transition to formal development occurs exactly for those ideas
satisfying

r(i) ≥ α.

Remark 2. In practice one often takes

F (x1, . . . , xm) =
m∑

j=1
wj xj ,

m∑
j=1

wj = 1,

or the fuzzy max–min operator
F (x1, . . . , xm) = min

j

{
max{wj , xj}

}
,

with weights wj ∈ [0, 1]. This captures the idea that an FFE decision is inherently fuzzy, blending multiple
graded criteria before a crisp go/no-go cutoff.

Example 9.(Fuzzy Front-End: Screening New Product Ideas). Let
I = {AI Tutor Platform, Eco-Friendly Packaging, IoT Soil Sensor},

and let the evaluation criteria be
C = {Feasibility, Market Demand, Resource Efficiency}.

We define the membership function µ : I × C → [0, 1] by the following table of scores:

µ(i, c) =

Feasibility Market Demand Resource Efficiency
AI Tutor Platform 0.6 0.9 0.4

Eco-Friendly Packaging 0.8 0.7 0.6
IoT Soil Sensor 0.7 0.8 0.5

Choose the weighted-average aggregator
F (x, y, z) = 0.4x + 0.4y + 0.2z.

Then the overall readiness scores r(i) = F (µ(i, c1), µ(i, c2), µ(i, c3)) are:
r(AI Tutor Platform) = 0.4 · 0.6 + 0.4 · 0.9 + 0.2 · 0.4 = 0.68,

r(Eco-Friendly Packaging) = 0.4 · 0.8 + 0.4 · 0.7 + 0.2 · 0.6 = 0.72,

r(IoT Soil Sensor) = 0.4 · 0.7 + 0.4 · 0.8 + 0.2 · 0.5 = 0.70.

For a development threshold α = 0.70, both Eco-Friendly Packaging (0.72) and IoT Soil Sensor (0.70) advance
to formal development, while the AI Tutor Platform (0.68) is deferred.

This example illustrates how a Fuzzy Front-End uses graded membership and aggregation to screen innovation
ideas under multiple, possibly competing criteria.

3.2 | HyperFuzzy Front
A HyperFuzzy Front-End extends the FFE by mapping each idea-criterion pair to sets of plausible membership
degrees, capturing expert variability.

Definition 11.(HyperFuzzy Front-End of Innovation). Let I be the universe of potential project ideas and let
C = {c1, c2, . . . , cm}

be a finite set of evaluation criteria. Denote by
P̃([0, 1]) = { A ⊆ [0, 1] | A ≠ ∅}

the collection of all nonempty subsets of [0, 1]. A HyperFuzzy Front-End (HFFE) is the triple(
I, C, µ̃

)
,
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where
µ̃ : I × C −→ P̃([0, 1])

is a hyper-membership function assigning to each idea i ∈ I and criterion cj a nonempty set
µ̃(i, cj) = {degrees to which i satisfies cj} ⊆ [0, 1].

Moreover, let
F : [0, 1]m −→ [0, 1]

be a classical fuzzy aggregation operator (e.g. weighted average or min–max). Define the induced hyper-aggregation
operator

F̃ :
(
P̃([0, 1])

)m −→ P̃([0, 1]),

F̃ (A1, . . . , Am) = { F (x1, . . . , xm) | xj ∈ Aj}.
Then the readiness hyper-set of an idea i is

r̃(i) = F̃
(
µ̃(i, c1), . . . , µ̃(i, cm)

)
⊆ [0, 1].

Finally, for a threshold α ∈ [0, 1], idea i “passes” if and only if
r̃(i) ∩ [α, 1] ̸= ∅.

Example 10. (HyperFuzzy Front-End: Screening New Product Ideas under Expert Variability). Let
I = {AI Tutor Platform, Eco-Friendly Packaging, IoT Soil Sensor},

and let the evaluation criteria be
C = {Feasibility, Market Demand, Resource Efficiency}.

We model expert disagreement by assigning each (i, cj) a hyper-membership set of plausible satisfaction degrees:
µ̃(i, cj) ⊆ [0, 1].

For instance:

AI Tutor Platform:
µ̃(AI Tutor, Feasibility) = {0.5, 0.6},

µ̃(AI Tutor, Market Demand) = {0.8, 0.9},

µ̃(AI Tutor, Resource Efficiency) = {0.3, 0.4}.

Eco-Friendly Packaging:
µ̃(Eco Packaging, Feasibility) = {0.7, 0.8},

µ̃(Eco Packaging, Market Demand) = {0.6, 0.7},

µ̃(Eco Packaging, Resource Efficiency) = {0.5, 0.6}.

IoT Soil Sensor:
µ̃(IoT Sensor, Feasibility) = {0.6, 0.7},

µ̃(IoT Sensor, Market Demand) = {0.7, 0.8},

µ̃(IoT Sensor, Resource Efficiency) = {0.4, 0.5}.

Choose the weighted-average aggregator
F (x, y, z) = 0.4 x + 0.4 y + 0.2 z.

The induced hyper-aggregation operator is

F̃ (A, B, C) = { F (x, y, z) | x ∈ A, y ∈ B, z ∈ C} ⊆ [0, 1].
Thus, for each idea i the readiness hyper-set is

r̃(i) = F̃
(
µ̃(i, Feasibility), µ̃(i, Market Demand), µ̃(i, Resource Efficiency)

)
.
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Concretely:

r̃(AI Tutor) = F̃ ({0.5, 0.6}, {0.8, 0.9}, {0.3, 0.4})
=

{
0.4x + 0.4y + 0.2z | x ∈ {0.5, 0.6}, y ∈ {0.8, 0.9}, z ∈ {0.3, 0.4}

}
= {0.59, 0.63, 0.65, 0.69},

r̃(Eco-Packaging) = F̃ ({0.7, 0.8}, {0.6, 0.7}, {0.5, 0.6})
= {0.62, 0.66, 0.68, 0.72},

r̃(IoT Sensor) = F̃ ({0.6, 0.7}, {0.7, 0.8}, {0.4, 0.5})
= {0.60, 0.64, 0.66, 0.70}.

For a threshold α = 0.65, an idea “passes” if its hyper-set intersects [0.65, 1]. Hence:
r̃(AI Tutor) ∩ [0.65, 1] = {0.65, 0.69} ≠ ∅,

r̃(Eco-Packaging) ∩ [0.65, 1] = {0.66, 0.68, 0.72} ≠ ∅,

r̃(IoT Sensor) ∩ [0.65, 1] = {0.66, 0.70} ≠ ∅.

All three ideas advance to formal development under this HyperFuzzy Front-End evaluation.

Theorem 13. Let (I, C, µ̃) be a HyperFuzzy Front-End as above. Then:

(1) Generalization of Fuzzy Front-End. If for every (i, cj) the hyper-membership set µ̃(i, cj) is a
singleton { µ0(i, cj)} ⊆ [0, 1], then µ̃ reduces to an ordinary membership function µ0 : I × C → [0, 1], and
r̃(i) = {r0(i)} where r0(i) = F

(
µ0(i, c1), . . . , µ0(i, cm)

)
is the classical readiness score.

(2) HyperFuzzy Set Structure. For each fixed criterion cj ∈ C, the map

µ̃cj
: I −→ P̃([0, 1]), i 7→ µ̃(i, cj),

assigns to each idea a nonempty subset of [0, 1], hence is exactly a HyperFuzzy Set on the universe I
[11, 14].

Proof : (1) If µ̃(i, cj) = {µ0(i, cj)} for all i, j, define µ0(i, cj) accordingly. Then

F̃
(
{µ0(i, c1)}, . . . , {µ0(i, cm)}

)
= {F (µ0(i, c1), . . . , µ0(i, cm))} = {r0(i)},

recovering the classical Fuzzy Front-End.

(2) By construction µ̃cj
(i) ⊆ [0, 1] is nonempty for every i ∈ I. This is precisely the definition of a

HyperFuzzy Set on I with membership mapping into P̃([0, 1]).

□

Theorem 14. (Monotonicity under Non-decreasing Aggregator). Let F : [0, 1]m → [0, 1] be non-decreasing in
each argument. If for two HyperFuzzy Front-Ends µ̃ and ν̃ one has

µ̃(i, cj) ⊆ ν̃(i, cj) for all i ∈ I, j = 1, . . . , m,

then their readiness hyper-sets satisfy

F̃
(
µ̃(i, c1), . . . , µ̃(i, cm)

)
⊆ F̃

(
ν̃(i, c1), . . . , ν̃(i, cm)

)
.

Proof : By definition,
F̃ (A1, . . . , Am) = { F (x1, . . . , xm) | xj ∈ Aj}.

If Aj ⊆ Bj for each j, then every tuple (x1, . . . , xm) with xj ∈ Aj also lies in B1 × · · · × Bm. Since F is
non-decreasing, each value F (x1, . . . , xm) computed from Aj-values is also obtained (or exceeded) from Bj-values.
Hence

F̃ (A1, . . . , Am) ⊆ F̃ (B1, . . . , Bm).
□
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Theorem 17. (Idempotence of Hyper-Aggregation). Suppose F satisfies F (x, . . . , x) = x for all x ∈ [0, 1]. Then
for any nonempty A ⊆ [0, 1],

F̃ (A, . . . , A) = { F (x1, . . . , xm) | xj ∈ A} = A.

Proof : Since each xj ∈ A, and F is idempotent,
{ F (x1, . . . , xm) | xj ∈ A} = { x | x ∈ A} = A.

Thus hyper-aggregating the same set across all criteria returns the original set. □

Theorem 18. (Symmetry under Permutation). If F is symmetric (i.e. F (x1, . . . , xm) = F (xπ(1), . . . , xπ(m))
for every permutation π), then for any permutation π of {1, . . . , m} and any nonempty A1, . . . , Am ⊆ [0, 1],

F̃ (A1, . . . , Am) = F̃
(
Aπ(1), . . . , Aπ(m)

)
.

Proof : By definition,
F̃ (A1, . . . , Am) = { F (x1, . . . , xm) | xj ∈ Aj}.

Under the permutation π, the right–hand side becomes
{ F (xπ(1), . . . , xπ(m)) | xπ(j) ∈ Aπ(j)}.

Since F is symmetric, each value F (x1, . . . , xm) equals F (xπ(1), . . . , xπ(m)), and the indexing of sets does not
change the collection of tuples. Hence the two hyper-aggregation results coincide. □

Theorem 19. (Bounds of the Readiness Hyper-Set). Assume F is non-decreasing in each argument. For each
idea i ∈ I and each criterion cj, set

aj = inf µ̃(i, cj), bj = sup µ̃(i, cj).
Then the readiness hyper-set

r̃(i) = F̃
(
µ̃(i, c1), . . . , µ̃(i, cm)

)
satisfies

F (a1, . . . , am) = inf r̃(i), F (b1, . . . , bm) = sup r̃(i).

Proof : Because F is non-decreasing, for any choice xj ∈ µ̃(i, cj) we have
F (a1, . . . , am) ≤ F (x1, . . . , xm) ≤ F (b1, . . . , bm).

Taking the infimum over all such tuples yields inf r̃(i) = F (a1, . . . , am), and taking the supremum yields
sup r̃(i) = F (b1, . . . , bm). □

Theorem 20. (HyperFuzzy Structure of Readiness). The mapping

r̃ : I −→ P̃([0, 1]), i 7→ r̃(i)
is itself a HyperFuzzy Set on the universe I.

Proof : By construction r̃(i) ⊆ [0, 1] is nonempty for each i, so r̃ : I → P̃([0, 1]). This exactly matches the
definition of a HyperFuzzy Set on I. □

Theorem 21. (Minkowski-Sum Representation for Linear Aggregators). Suppose

F (x1, . . . , xm) =
m∑

j=1
wj xj ,

m∑
j=1

wj = 1, wj ≥ 0.

Then for any nonempty A1, . . . , Am ⊆ [0, 1],

F̃ (A1, . . . , Am) =
{

w1x1 + · · · + wmxm | xj ∈ Aj

}
,

which is the weighted Minkowski sum of the sets Aj.
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Proof : Directly from the definition of F̃ and the linear form of F :
F̃ (A1, . . . , Am) = { F (x1, . . . , xm) | xj ∈ Aj} = { w1x1 + · · · + wmxm | xj ∈ Aj},

which by definition is the weighted Minkowski sum. □

3.3 | SuperHyperFuzzy Front-End
A SuperHyperFuzzy Front-End assigns hierarchical families of membership-degree sets to each idea and criterion,
modeling nested uncertainty and aggregated readiness.

Definition 12. ((m, n)-SuperHyperFuzzy Front-End). Let I be the universe of project ideas and C =
{c1, . . . , cm} a finite set of evaluation criteria. Fix nonnegative integers m, n. Recall the nonempty kth powerset

P∗
k (X) = P

(
P∗

k−1(X)
)

\ {∅}, P∗
0 (X) = X.

Denote by P̃∗
n([0, 1]) = P∗

n([0, 1]) the family of all nonempty subsets of the nth iterated powerset of [0, 1]. An
(m, n)-SuperHyperFuzzy Front-End (SHFFE) is the quadruple(

I, C, µ̃m,n, F
)
,

where
µ̃m,n : I × C −→ P∗

n([0, 1]), (i, cj) 7→ µ̃m,n(i, cj),
assigns each idea–criterion pair a nonempty family of membership-degree sets in the nth powerset of [0, 1], and

F : [0, 1]m −→ [0, 1]
is a classical fuzzy aggregator. Define the induced superhyper-aggregation

F̃m,n :
(
P∗

n([0, 1])
)m −→ P∗

n([0, 1]),

F̃m,n(A1, . . . , Am) =
{

F (x1, . . . , xm) | xj ∈ Aj

}∗
n
,

where {· · · }∗
n denotes the nonempty nth-powerset closure. Then the readiness superhyper-set of idea i is

r̃m,n(i) = F̃m,n

(
µ̃m,n(i, c1), . . . , µ̃m,n(i, cm)

)
.

Finally, for a threshold α ∈ [0, 1], idea i “advances” if
r̃m,n(i) ∩ [α, 1] ̸= ∅.

Example 11. (Real-World (3, 2)-SuperHyperFuzzy Front-End: Evaluating Green Technology Ideas). Let
I = {DroneDelivery, SolarRefrigerator}

be two proposed sustainability-focused project ideas, and let the evaluation criteria be
C = {Technical, Environmental, Market},

so m = 3. We fix n = 2. Denote by P∗
2 ([0, 1]) the family of all nonempty families of nonempty subsets of [0, 1].

We define the superhyper-membership
µ̃3,2 : I × C −→ P∗

2 ([0, 1])
by expert panels and stakeholder surveys as follows:

DroneDelivery:
µ̃3,2(DroneDelivery, Technical) =

{
{0.7, 0.8}, {0.75, 0.85}

}
,

µ̃3,2(DroneDelivery, Environmental) =
{

{0.6, 0.7}, {0.65, 0.75}
}

,

µ̃3,2(DroneDelivery, Market) =
{

{0.8, 0.9}, {0.85, 0.95}
}

.

SolarRefrigerator:
µ̃3,2(SolarRefrigerator, Technical) =

{
{0.6, 0.7}, {0.65, 0.75}

}
,

µ̃3,2(SolarRefrigerator, Environmental) =
{

{0.9, 1.0}, {0.85, 0.95}
}

,

µ̃3,2(SolarRefrigerator, Market) =
{

{0.5, 0.6}, {0.55, 0.65}
}

.
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Choose the classical fuzzy aggregator
F (x, y, z) = 0.4 x + 0.3 y + 0.3 z.

The induced superhyper-aggregation F̃3,2 : (P∗
2 ([0, 1]))3 → P∗

2 ([0, 1]) is given by

F̃3,2(A, B, C) =
{

F (x, y, z) | x ∈ A′, y ∈ B′, z ∈ C ′}∗
2,

where {· · · }∗
2 denotes taking all nonempty pairs of results.

Then the readiness superhyper-sets are:

DroneDelivery:
r̃3,2(DroneDelivery) = F̃3,2

(
{0.7, 0.8}, {0.6, 0.7}, {0.8, 0.9}

)
=

{
{0.76, 0.82}, {0.80, 0.86}

}
.

SolarRefrigerator:
r̃3,2(SolarRefrigerator) = F̃3,2

(
{0.6, 0.7}, {0.9, 1.0}, {0.5, 0.6}

)
=

{
{0.69, 0.75}, {0.73, 0.79}

}
.

For a development threshold α = 0.80, an idea advances if its readiness superhyper-set intersects [α, 1]. We see:
r̃3,2(DroneDelivery) ∩ [0.80, 1] = {0.80, 0.82, 0.86} ≠ ∅,

r̃3,2(SolarRefrigerator) ∩ [0.80, 1] = ∅.

Therefore, only proceeds to formal development under this (3, 2)-SuperHyperFuzzy Front-End
evaluation.

Example 12 (Real-World (2, 2)-SuperHyperFuzzy Front-End: Public Health Intervention Screening). Consider
two proposed COVID-19 mitigation strategies:

I = {Mask Mandate, Vaccine Incentive},

evaluated on two criteria:
C = {Effectiveness, Public Acceptance},

so m = 2, and set n = 2. We elicit two independent assessments for each criterion—an expert panel and a
simulation model—each producing a range of membership degrees. Thus the superhyper-membership function

µ̃2,2 : I × C −→ P2
∗([0, 1])

is defined by:

Mask Mandate:
µ̃2,2(Mask Mandate, Effectiveness) =

{
{0.80, 0.85}, {0.75, 0.90}

}
,

µ̃2,2(Mask Mandate, Public Acceptance) =
{

{0.60, 0.70}, {0.55, 0.65}
}

.

Vaccine Incentive:
µ̃2,2(Vaccine Incentive, Effectiveness) =

{
{0.90, 0.95}, {0.85, 0.90}

}
,

µ̃2,2(Vaccine Incentive, Public Acceptance) =
{

{0.70, 0.80}, {0.65, 0.75}
}

.

Choose the fuzzy aggregator
F (x, y) = 0.7 x + 0.3 y.

Define the superhyper-aggregation

F̃2,2(A, B) =
{

F (x, y) | x ∈ A′, y ∈ B′}∗
2,

where each A′ ∈ A ⊆ P∗
1 ([0, 1]) and similarly for B, and {· · · }∗

2 takes the nonempty second-powerset closure.
Then the readiness superhyper-sets are:

r̃2,2(Mask Mandate) = F̃2,2
(
{0.80, 0.85}, {0.60, 0.70}

)

DroneDelivery
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=
{

{0.74, 0.77, 0.745, 0.805}, {0.7775, 0.72, 0.795, 0.825}
}

,

r̃

=
2,2(Vaccine Incentive) = F̃2,2

(
{0.90, 0.95}, {0.70, 0.80}

){
{0.84, 0.87, 0.875, 0.905}, {0.79, 0.82, 0.825, 0.855}

}
.

For a cutoff α = 0.88, an intervention “advances” if its readiness superhyper-set intersects [α, 1]. We find:
r̃2,2(Mask Mandate) ∩ [0.88, 1] = ∅, r̃2,2(Vaccine Incentive) ∩ [0.88, 1] = {0.875, 0.905} ≠ ∅.

Hence only Vaccine Incentive proceeds to formal policy development under this (2, 2)-SuperHyperFuzzy Front-End
evaluation.

Theorem 21. Let (I, C, µ̃m,n, F ) be an (m, n)-SuperHyperFuzzy Front-End. Then:

(1) Generalization of Fuzzy Front-End. If n = 0 and each µ̃m,0(i, cj) is a singleton {µ0(i, cj)} ⊆
[0, 1], then µ̃m,0 reduces to an ordinary membership function µ0, and r̃m,0(i) = {r0(i)} with r0(i) =
F (µ0(i, c1), . . . , µ0(i, cm)).

(2) Generalization of HyperFuzzy Front-End. If m = 1 and n = 1, then µ̃1,1 : I × C → P̃([0, 1])
is exactly a HyperFuzzy Front-End membership, and r̃1,1(i) coincides with the HyperFuzzy readiness
hyper-set.

(3) (m, n)-SuperHyperFuzzy Set Structure. Identify the universe X = I × C. Then
µ̃m,n : X −→ P∗

n([0, 1])
is precisely an (m, n)-SuperHyperFuzzy Set on X with codomain [0, 1] in the sense of Definition 1.7.

Proof : (1) If n = 0, then P∗
0 ([0, 1]) = [0, 1]. Hence µ̃m,0 and r̃m,0 collapse to single-valued functions,

reproducing the classical Fuzzy Front-End.

(2) For m = n = 1, we have P∗
1 ([0, 1]) = P̃([0, 1]). Thus µ̃1,1 assigns each (i, cj) a nonempty subset of [0, 1],

exactly the HyperFuzzy Front-End structure, and r̃1,1 matches the HyperFuzzy aggregation.

(3) By letting X = I × C, the map µ̃m,n : X → P∗
n([0, 1]) is in one-to-one correspondence with an

(m, n)-SuperHyperFuzzy Set on X, per Definition 1.7. No further axioms are needed.

□

Theorem 23. (Reduction to Classical Fuzzy Front-End). Let
(
I, C, µ̃m,n, F

)
be an (m, n)-SuperHyperFuzzy

Front-End. Suppose n = 0 and for each (i, cj) the set µ̃m,0(i, cj) ⊆ [0, 1] is a singleton { µ0(i, cj)}. Then
µ̃m,0 : I × C −→ [0, 1], µ̃m,0(i, cj) = µ0(i, cj),

and the induced readiness superhyper-set r̃m,0(i) ⊆ [0, 1] satisfies
r̃m,0(i) =

{
F

(
µ0(i, c1), . . . , µ0(i, cm)

)}
,

recovering exactly the classical Fuzzy Front-End readiness score.

Proof : When n = 0, P∗
0 ([0, 1]) = [0, 1], so µ̃m,0 is single-valued. By definition

F̃m,0
(
{µ0(i, c1)}, . . . , {µ0(i, cm)}

)
=

{
F (x1, . . . , xm) | xj = µ0(i, cj)

}∗
0 = { F (µ0(i, c1), . . . , µ0(i, cm))},

since the nonempty 0th-powerset closure of a singleton is itself. But this is exactly the crisp readiness score of
the classical Fuzzy Front-End. □

Theorem 24. (Reduction to HyperFuzzy Front-End). Let
(
I, C, µ̃m,n, F

)
be an (m, n)-SuperHyperFuzzy

Front-End. If n = 1, then P∗
1 ([0, 1]) = {A ⊆ [0, 1] | A ̸= ∅}. Hence

µ̃m,1 : I × C −→ P̃([0, 1]),
and the induced r̃m,1(i) ⊆ [0, 1] coincides with the HyperFuzzy Front-End readiness hyper-set:

r̃m,1(i) = { F (x1, . . . , xm) | xj ∈ µ̃m,1(i, cj)}.
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Proof : Since n = 1, by definition P1
∗([0, 1]) = P̃([0, 1]). Thus µ̃m,1 assigns each (i, cj) a nonempty subset of

[0, 1]. The superhyper-aggregation reduces to

F̃m,1(A1, . . . , Am) = { F (x1, . . . , xm) | xj ∈ Aj},

which is precisely the induced hyper-readiness set in a HyperFuzzy Front-End. □

Theorem 25. (Monotonicity). Assume the aggregator F : [0, 1]m → [0, 1] is non-decreasing in each coordinate.
Let

(A1, . . . , Am), (B1, . . . , Bm) ∈
(
P∗

n([0, 1])
)m

satisfy Aj ⊆ Bj for all 1 ≤ j ≤ m. Then

F̃m,n(A1, . . . , Am) ⊆ F̃m,n(B1, . . . , Bm).

In particular, for any i ∈ I, if µ̃m,n(i, cj) ⊆ ν̃m,n(i, cj) for all j, then r̃µ
m,n(i) ⊆ r̃ν

m,n(i).

Proof : By definition,
F̃m,n(A1, . . . , Am) =

{
F (x1, . . . , xm) | xj ∈ Aj

}∗
n
,

and similarly for (B1, . . . , Bm). Since each Aj ⊆ Bj , every tuple (x1, . . . , xm) with xj ∈ Aj also satisfies xj ∈ Bj .
Hence

{ F (x1, . . . , xm) | xj ∈ Aj} ⊆ { F (x1, . . . , xm) | xj ∈ Bj}.

Taking the nonempty nth-powerset closure preserves inclusion:{
· · · }∗

n ⊆
{

· · · }∗
n.

Thus F̃m,n(A1, . . . , Am) ⊆ F̃m,n(B1, . . . , Bm). The statement about readiness sets follows by setting Aj =
µ̃m,n(i, cj) and Bj = ν̃m,n(i, cj). □

Theorem 26. (Idempotence). Suppose F satisfies F (x, . . . , x) = x for all x ∈ [0, 1]. Then for any nonempty
nth-powerset family A ⊆ P∗

n−1([0, 1]),
F̃m,n(A, A, . . . , A) = A∗

n,

where A∗
n denotes the nonempty nth-powerset closure of A. In particular, if µ̃m,n(i, cj) = A for all j, then

r̃m,n(i) = A∗
n.

Proof : By definition,
F̃m,n(A, . . . , A) =

{
F (x1, . . . , xm) | x1, . . . , xm ∈ A

}∗
n
.

But F (x1, . . . , xm) = x1 whenever all coordinates equal x1 and F is idempotent; more generally, since all xj ∈ A,
the set { F (x1, . . . , xm) | xj ∈ A} coincides with A itself. Therefore

F̃m,n(A, . . . , A) = An
∗ ,

as claimed. The statement for r̃m,n(i) is immediate by taking each hyper-membership equal to A. □

4 | Conclusion
In this paper, we have extended the concepts of Fuzzy Trace and Fuzzy Front–End using HyperFuzzy and
SuperHyperFuzzy sets, and provided a brief examination of their properties with illustrative examples. In future
work, we plan to investigate algorithmic implementations and conduct further evaluations of these concepts’
effectiveness. We also intend to extend our definitions by incorporating Neutrosophic Sets [31, 32], Refined
Neutrosophic Sets [33, 34], Uncertain Sets [35, 36], Plithogenic Sets [37, 38, 39], and related frameworks.
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